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The stability of general linear multidegree of freedom stable potential systems that are
perturbed by general arbitrary positional forces, which may be neither conservative nor
purely circulatory/conservative, is considered. It has been recently recognized that such
perturbed potential systems with multiple frequencies of vibration are susceptible to insta-
bility, and this paper is centrally concerned with the situation when potential systems have
such multiple natural frequencies. An approach based on perturbation theory that includes
nonlinear terms in the expansions of the perturbed eigenvalues is developed. Explicit con-
ditions under which the system either remains stable or becomes unstable due to flutter are
provided. These results show that the stability/instability picture that emerges is far subtler
and more complex than what might be intuitively inferred. The manner in which prior
results related to narrower classes of perturbation matrices, like circulatory matrices, get
included in the more general results obtained here is pointed out. Several numerical exam-
ples illustrate the applicability of the analytical results. An engineering application is pro-
vided demonstrating the power of the analytical results. [DOI: 10.1115/1.4055305]
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1 Introduction

Consider the potential (conservative) system described by the
equation

Mi+Kqg=0 )

where the n by n real matrix M is a symmetric positive definite matrix
and K is a real symmetric matrix. The n-vector of generalized coordi-
nates is denoted by ¢, and the dots indicate differentiation. M is the
inertia (mass) matrix and K describes the potential (conservative)
forces. It is well-known that the potential system is stable, i.e., every
solution ¢(t) of Eq. (1) is bounded for all non-negative ¢, if and only
if the potential matrix K is positive definite (K > 0), and in this
paper we will assume that this condition is satisfied. It is an important
question from both theoretical and practical points of view to know
how the introduction of disturbing positional forces into system (1)
affects its stability [1]. Positional perturbations arise in many real-life
applications ranging from aerospace structures and aero-elasticity to
brake squeal, wheel shimmy, and bipedal motion [2,3], and the inves-
tigation of the stability of such systems has an old and rich history (see
monographs [2,4-6] and review papers [7-9]).

In recent years, interest in these stability problems has revived,
and it has mainly been focused on purely circulatory force perturba-
tions, both infinitesimal and finite [1,3,10-15]. However, despite
the rich literature that has been developed over numerous decades
of research, our knowledge, even for this rather narrow and
limited class of (positional circulatory) perturbations, still seems
incomplete. In fact, it was only recently observed that the presence
of multiple eigenvalues in stable potential systems is a central cause
in making them unstable under perturbational forces [1].
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Furthermore, the “received view” from decades of past investiga-
tions that has been handed down to us is that infinitesimal positional
circulatory perturbations to a stable multidegree of freedom poten-
tial system with multiple frequencies always cause the system to
become unstable. It is only recently, through a more detailed pertur-
bation analysis that considers higher order effects beyond those cap-
tured by linear perturbation theory that this long-held view has been
shown to be incorrect [16]. A considerably more complex picture of
stability is shown to emerge in which stability and instability can
alternate depending on the nature of the circulatory perturbation
and the manner of its interaction with the eigenstructure of the
potential system [16]. Though pointing to a paradigm different
from our long-held received view, these new stability results are,
however, restricted to only the class of infinitesimal circulatory per-
turbation forces. In most real-life situations that arise in nature as
well as in engineered civil, aerospace, and mechanical systems,
the perturbing forces are usually of a more general nature and
they could be circulatory as well as noncirculatory.

This paper explores the question of the stability and instability of
stable multidegree of freedom systems subjected to arbitrary infin-
itesimal positional perturbation forces. As shown here, and as
expected, widening the class of perturbations to which a general
multidegree of freedom, stable potential system is subjected from
those that are described by only circulatory and/or only conserva-
tive matrices to those described by general, arbitrary matrices
make the determination of the stability of such perturbed systems
significantly more complex from a mathematical standpoint. The
results obtained though, compensate for this mathematical com-
plexity by having far greater generality. Since perturbations that
occur in real-life physical systems do not follow the pigeon-holing
done by scientists/engineers/mathematicians, as being only circula-
tory, or only conservative, etc., the compass of applicability of the
results obtained in this paper is much larger. They are therefore
applicable to, and useful for, actual, real-world situations encoun-
tered in nature and in engineered systems. To the best of our knowl-
edge, the results obtained in this paper are new and go well beyond
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those available in the literature to date as well as those obtained in
the references provided.

A stable multidegree of freedom potential system (1) when sub-
jected to a general perturbing positional force is described by the
equation

Mg+ Kqg+ePqg=0 )

where P is an arbitrary real matrix and £>0 is a dimensionless
parameter which we introduce to characterize the intensity of the
perturbing force. .12

Making the transformation x = M "¢, where the exponent %2 indi-
cates the unique positive definite square root of the matrix M, and pre-
multiplying Egs. (1) and (2) by M~ '~ we get the following equations
that describe the potential system and the perturbed potential system

¥+Kx=0 3)
X+ Kx+ePx=0 4)

where the symmetric matrix K =8 "K#M "> and the matrix
p=nr"pir ", Clearly, system (2) is equivalent to system (4),

and we shall from here on consider this system.

We begin in Sec. 2 with the case when all natural frequencies of the
potential system are distinct and give an estimate of the parameter &
below which system (4) remains stable. The case where we have mul-
tiple natural frequencies is more complex, and it is treated subse-
quently at some length in Sec. 3. Section 4 considers an example
of practical engineering interest which demonstrates the power of
the analytical results obtained herein. Section 5 gives the conclusions.

2 Case of Simple Natural Frequencies

To obtain a sufficient condition for the stability of the systems
under consideration, we first state two lemmas.

LemMaA 1. For a fixed value of the real parameter &, the system
(4) is stable if and only if all eigenvalues of the matrix K + ¢P are
positive and simple (unrepeated) or semi-simple (i.e., the number
of linearly independent eigenvectors associated with a multiple
eigenvalue of the matrix K + P coincides with its multiplicity).
Proof. See, for example, [2]. n

Lemma 2. Let A, B € R, with A symmetric, and let 1.1, be
the spectral matrix norm. If A has eigenvalues A,,..., A,, then

(a) all the eigenvalues of A+ B lie in the union of the discs

Di={zlz— A4l = |IBlhb}, i=12,....n (&)

in the complex z-plane;
(b) a set of k disks having no point in common with the remain-
ing n—k discs contains exactly k eigenvalues of A+ B.
Proof. This is the well-known Bauer-Fike localization theorem
specialized for the case when the unperturbed matrix A is real and
symmetric (see, for example [11], Lemma 1). ]

Recall that I1Bll, is equal to the square root of the largest eigen-
value of the matrix B”B.

The following assertion provides us with an estimation of the
parameter ¢ in terms of the eigenvalues of K and the spectral
norm of P under which system (4) remains stable.

Result 1. Let A4,..., A, be the distinct eigenvalues of the positive
definite potential matrix K. If

e <n/lIPll» ©)

where
n= min{/lmin, min |4; — /1/-|/2} (7)
I<i#j<n
then the system (4) is stable.
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Proof. It follows from the part (a) of Lemma 2 that all the eigenval-
ues of K+ &P are contained in the union of the disks

Di={zlz— | < &llPll,}, i=1,2,....n (®)

with the same radius &llPll, and centers at the points 4; on the real
axis. The condition &< Ay,;,/IlPll, ensures that the union of disks
(8) is located in the open right half plane, i.e. that every eigenvalue
of K+¢&P has positive real part. On the other hand, if
elIP]|, < lg;i/_rln |4 — 4;1/2, then any disk (8) is disjoint from all

other disks, and, in view of the part (b) of Lemma 2, it contains
one and only one eigenvalue of K + £P. In this case any eigenvalue
of the matrix K + &P is real because the spectrum of a real matrix is
symmetrically placed with respect to the real axis. Thus, under con-
ditions (6) and (7), the matrix K + P has all simple positive eigen-
values and, according to Lemma 1, the system (4) is stable. u

Remark 1. When the perturbing matrix P is circulatory (P” = —P),
then (7) can be replaced by n=min | <zj<,l1; — Al/2, as shown in
Ref. [11]. L]

Result 1 says that a stable potential system all of whose natural
frequencies are distinct remains stable after the addition of suffi-
ciently small positional forces of arbitrarily structure. In the next
section, we will consider the case of multiple frequencies of the
potential system.

3 Case of Multiple Natural Frequencies

In what follows, we will need the following two assertions.

LemMaA 3. Suppose that the positive definite potential matrix K
has one multiple eigenvalue 1y and that its other eigenvalues are
simple. If all eigenvalues pjc) of the matrix K+ &P, such that
ui(0)= 2, are real and simple or semi-simple as &€ — 0, then the
system remains stable for small enough &; otherwise it will be
unstable by flutter for arbitrarily small nonzero ¢.
Proof. This follows easily from Lemmas 1 and 2. ) [

Lemma 4. Let A be a real k X k matrix and let H = [hi+.i—2]{'(,/:13
where

higjo =TrA™2), i j=1,2,...,k ©

Then, the matrix A has
. . . L@ L.
(a) all real eigenvalues if and only if the matrix H is positive
semi-definite;
(A)
(b) kdistinct real eigenvalues if and only if H is positive definite;
(c) at least one pair of complex conjugate eigenvalues if and

A)
only if H is indefinite.
Proof. Observe that

El

Tr(A)) =

r

ad, j=0,1,2,...
1

A)
where a; are eigenvalues of A [17], i.e., H is the Hankel matrix of
the Newton sums associated with the characteristic polynomial of A.
Then, in view of the Borhardt-Jacobi theorem [18, Section 13.10],

. . L. LW .
if {x, v, 6} is the inertia of the matrix H (i.e., the triplet of numbers

. . . @) .
of positive, negative, and zero eigenvalues of /) the matrix A has v
different pairs of complex conjugate eigenvalues and 7 — v different
real eigenvalues. From this the result easily follows. n

Remark 2. 1f A is 2 x 2 matrix with elements a;;, then conditions (a),
(b), and (c) of Lemma 4 reduce to the well-known simple conditions
6>0,6>0, and 6 <0, respectively, where 6 = (a;; — a20)* +4a1202,
is the discriminant of the characteristic equation of A.

In this section, we suppose that the potential matrix K has one
eigenvalue 4y of multiplicity m > 2, and that the other eigenvalues
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are simple. Let T=[T,,|T,,_,,] be an orthogonal matrix, where the n
x m submatrix T, contains m eigenvectors of K corresponding to the
multiple eigenvalue, and the n x (n —m) submatrix 7,_,, contains
the remainder of the eigenvectors of K. The orthogonal matrix T
reduces K and P to the forms

A =TTKT = diag(AoLp, An—m), P=T"PT = [’f n Po ]
Py Py

where A,_ ,,,—Tn KTy is the (n—m)-dimensional diagonal
matrix, and

Py =TIPT,, Pi=TIPT, .,
1322 = T,/,T_mPTn—m

Py =TI PT,,
(10)

Let p(¢) be an eigenvalue of the matrix (A + eP) for which u(0)=
Ao and let w(¢) be corresponding eigenvector, i.e.,

(A+€i))W=MW (11)

According to a classical result related to the perturbation of a mul-
tiple semi-simple eigenvalue, there is a number a and a positive
integer r<m such that u(e)=1y+ae+ 0" as £-0 [18,
811.7] (see also the interesting paper [19], which discusses the
appearance of fractional powers in the expansions of perturbed
semi-simple eigenvalues). With this in mind, we substitute in =

do+&f and w=[w’ sz] in (11), where w and W are m and
(n —m) dimensional vectors, respectively, so that we get

(P11 = L)W+ ePppiv =0 (12)
and
(A = AT + Py + ePpyiv — v =0 (13)
Also, we next write
p&)=po+hre" + e -+ fret - (14)
and
W=+ e/ + e 4,
W=+ eV + ey + - - (15)

Substituting (14) and (15) into (12) and collecting coefficients of
equal powers of &, we find

(" (Pir = Bol)ivg =0 (16)
k
S Piwi—is k=1,...,r—1
(&) (P = Bolie =4 7
Zﬂiwk,i —i)lzwk,r, k=r,r+1,...
i=1
7
Also, in the same manner, from (13) we get
{e"} Wo=—DPyivg (18)
{7}
W;
—Di’zlv_t)j, j=1,...,}’— 1
= n ” Jr
—D(le\'_Vj +P22\7Vj_r - Z/}iwj—r—l)’ j=r,r+ 1,...
i=0
(19)
where
D= (An—m - j'()In—m)_1 (20)
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It follows from (16) that S, is an eigenvalue of the m by m real
matrix Py = anlPTm. If this matrix has all real distinct eigenvalues
Poisi=1, ..., m, then when £ — 0, the matrix A+ eP (and, of course,
K + P too) has m real distinct eigenvalues of the forms

(€)= + efy; + 0T, i=1,...,m
and, according to Lemma 3, system (4) is stable for sufficiently
small . On the other hand, if the matrix P;; has at least one pair
of eigenvalues with nonzero imaginary part, then the matrix A +
eP has a pair of eigenvalues of the form

u(e) = Ao + ela + iv) + O T/

with v >0, and again in view of Lemma 3, system (4) is unstable by
flutter for arbitrarily small nonzero &.

Recalling that the n by m matrix 7,, is composed of the m ortho-
normal eigenvectors of K associated with the eigenvalue 1y and
applying Lemma 4, we have proved the following result. [

Result 2. The addition of a general perturbation P to the n degre -
of freedom potential system described by Eq. (3) that has an eigen-
value A¢ of multiplicity m with 2 <m <n will cause:

(a) the system described by Eq. (4) to remain stable for suffi-

Pyy)
ciently small values of ¢ if the matrix H associated with

the m by m matrix Py = T;PTm is positive definite;
(b) the system described by Eq. (4) becomes unstable by flutter

P1)
for arbitrarily small nonzero values of ¢ if H is indeﬁnite..

COROLLARY 1. [ 16,20]. If the perturbation matrix is purely
circulatory (i.e., P = —P) and Py # 0, then the system (4) is unsta-
ble by flutter for arbttrartly small nonzero values of €. i)
Proof. Obviously, if PT= =—P and Py, # 0, then the matrix H is
indefinite because 4, = Tr(P?,) < 0. L]

Remark 3. The matrix P;; = TmPT,,, is, as we shall see, of pivotal
importance in ascertaining the stability/instability of the perturbed
multidegree of freedom system. The m orthonormal columns of
T, are the eigenvectors of K corresponding to the multiple eigen-
value 4y of multiplicity m, and they form a subspace. The matrix
Py then represents the work done by the perturbational forces for
displacements in the subspace spanned by the columns of the
matrix 7,,. Any displacement vector in this subspace can be repre-
sented by x,, =T,y and the work done by the perturbation force,
Px,,, is then ;(TIA’“ X ]

Remark 4. If the matrix 7,, can be partitioned such that 7, = [T,IT,,
p1,225p<m, T, P[ m—p  Tn-m ] 0, and the p x p matrix T7PPT
has at least one pa1r of complex conjugate eigenvalues with nonzero
imaginary parts, then the condition (b) of Result 2 is satisfied. More-
over, in this case instability follows for every &, infinitesimal or
finite, as shown in Ref. [1]. =

The following example illustrates the applicability of Result 2.
Example 1. Consider system (4) with

2 -1 0 -1
-1 2 0 1
K=lo o 1 o] ad
-1 1 0 2
8 a+b—-4 a-2b+4 —-a-b-3
p= a->b 2a+2 -b-4 —a-b-2
“la+2b42 b-2 3—-2a a+b-2
b—a-1 b—a a—b-4 2

@n

where a and b are real numbers.
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The matrix K has the following eigenvalues and corresponding
mutually orthogonal eigenvectors:

1

t1=7§[1 0 1 107, Aaz=A=1,
r—i[l 1 -1 of t—i[o 11 =17
2—\/§ 5 3_\/§ °
1
=4, t4=7§[1 -1 0 -1

For this system of eigenvectors, we have

1 b
Py=[n n fs]T[P][tl n t]=3|-b 1
0 a

(22)

- Q O

- . (P . .
Now, it is easy to calculate that the matrix hlll associated with (22)
is as follows:

() ho
H=|h h h
hy hy hy

with ho=3, h1 =9, b, =93 +2(a*> - b?), h3=81(1 +2(a* - b?)),
hy =813+ 12(a* - b») +2(a* - b»?), and its leading principal
minors are: D; =3, D, =6(a”—b% and D3 =108(a*> —b*)*. From

. . L. (P11 .
this, in view of the Sylvester’s criterion, H >0 if a’—b?*>0. Con-
. (ZD . .
versely, if a’—b’< 0, H is indefinite, and in the case a’>=b? the

matrix (2{') is positive semi-definite, since all its principal minors are
non-negative. Thus, according to Result 2, if lal>1bl system (4),
(21) remains stable for sufficiently small ¢, and if lal<Ibl the
system becomes unstable by flutter for arbitrarily nonzero ¢. u

Result 2 leaves open the question of what happens when the
matrix (}1)—]1” is positive semi-definite, i.e., when the matrix 131 1
with the real spectrum has a repeated eigenvalue.

Let p;, i=1, ..., m, be real eigenvalues of the mxm matrix
131 1= T,gPT,,,. Suppose, for convenience, that the eigenvalues p;
are ordered in such a way that py=p,=---=p,=po, s>2, and
that the other eigenvalues p,,i,..., p, are simple. Substituting
Po =po into (16) and (17), taking into account (18) and (19), we
get the chain of equations for the unknowns f1, f,... and wy, wy ...

(P11 = poly)iwg =0

k
(P11 = pol)wi = Zﬂjwk—j, k=1,...,r—1
=1

j (23)
N r
(Pll _pOIm)wr + Rwo = Zﬁjw,_,
=
n r+k
(P11 = pola)Wrk + RWg =3 Biwrgy,  k=1,...,r—1
=
N 2r
(P11 = poln)War + Rw, + Qo = ) w2, 24)
J=1

with R=—P;,DPy, Q=P ;D(Py — poly_m)DPs,;

In what follows, we consider two important cases when pg is
either nonderogatory or semi-simple eigenvalue of Py;. The case
of a multiple eigenvalue with an arbitrary Jordan structure is possi-
ble, but it is usually very rare in real-world settings [5] and it is not
considered here.

(i) Nonderogatory eigenvalue py

111004-4 / Vol. 89, NOVEMBER 2022

Suppose that the eigenvalue pg of P11 with algebraic multiplicity
s>2 is nonderogatory, i.e., it has geometric multiplicity 1. The
Jordan chains consisting of the right and left eigenvectors wy and
vo, and associated vectors uy,..., ug_; and vy,..., v;_; satisfy the
equations

(P, = poln)vo =0

(P11 = poln)wo =0, P
(P1T1 = poln)vi = Vg

(P11 = polm)ur = wo,

(25)
(Pii = polnus—1 =us—2,  (PT, = pol)vey = vsa
and the normalization conditions
vugy =1, Vi =---=v" u_1=0 (26)

Substituting r=s into (23) and proceeding similarly to [,
Section 2.7], from the first (s + 1) equations of (23), taking into
account (25) and (26), and assuming that

27
we find

¢ =7} Rng (28)

pi=c
If ¢ #0, then 8, = J/c has s different nonzero values, and between
them, when s>2, there is at least one complex conjugate pair with
nonzero imaginary part. Consequently, in this case the matrix A +

P has at least one complex conjugate pair of eigenvalues of the
form

we) =g+ epo+ VG £iv) + o), seR, >0
(29)

If s=2 in (28) and ¢ <0, we have

u(e) = Ao + epo = iy/|cle" T 4 o(eH1/2) (30)
while the case ¢>0 produces two different real eigenvalues
p(e) = 4o + epo + Ve "2 4 o(e!*112) 31

Note that to check the condition ¢ # 0 we can use any right and left
eigenvector corresponding to the eigenvalue py, not just normalized
ones. This, taking into account Lemma 3, leads to our next result.

Result 3. Suppose that the m by m matrix P;; has a real eigenvalue
po of algebraic multiplicity s >2 and geometric multiplicity 1, and
the rest of the eigenvalues are real and distinct.

(a) If s>2 and ¥} Riwg # 0, where the m by m matrix R is given
in Eq. (24) and wy (V) is a right (left) eigenvector of Py, cor-
responding to py, then system (4) becomes unstable by flutter
for arbitrarily small nonzero values of ¢.

(b) Let s=2 and let wy, u; (o, v1) be the right (left) Jordan chain
corresponding to py normalized as v/ wy = v u; = 1, then
(b-1) If I Rwg < 0, the system becomes unstable by flutter

for arbitrarily small nonzero values of &;
(b-2) If \75 Rwg > 0, the system remains stable for sufficiently
small values of &. .
Example 2. Consider Example 1 when bl =lal #0.
We first consider the case when b = a # 0. For this case the matrix
(22) becomes

1 a O
P11=3 —a 1 a (32)
0 a 1

which has the triple nonderogatory eigenvalue po =3 with right and
left eigenvectors wo =[1 0 1]7andvy=[1 0 —1]7,respec-
tively. On the other hand, we find that
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D=1, Po=[n 1 ] [PL]=3[2 1 1V,
Py =[]"[Plly ©n 5]1=3[2 -1 1],and
4 -2 2
R=-P;,DPy;=-3]12 -1 1
2 -1 1

so that 7} Ry = —9 # 0. Observe that Py, (a, b= —a) = [P11(a, b=
a)]” and, consequently, the vectors vp=[1 0 —1]7 and Wy =
[1 0 1]7 are the right and left eigenvectors of the matrix
f’ll(a, b= —a), and we find again that v’ngT/o = -9 # 0. Hence,
according to Result 3-a, if Ibl =lal # 0, then system (4), (21) is unsta-
ble by flutter for arbitrarily small nonzero values of ¢. L]

Example 3. Let

) 1 00 1
A=[0 1 0| and P=| 0
0 0 2 -1

1 1
1 1 (33)
0 2

For this example n=3, 1o=1 and m =2. The matrix

A 1 1
P11=[0 ]]

has the double nonderogatory eigenvalue py = 1 with corresponding
right and left Jordan chains

wefi} s} wefi] el

which satisfy the normalization conditions v]u; = vIwy = 1. More-
over, D=1, P, =[1 117, Py = [-1 0]and

it

so that T/ngo =1>0. Thus, in view of Result 3-b-2, system (4),

m by m matrices

U=[U; Uyl V=[Vy Vil

whose columns are the m right and left eigenvectors of Py, respec-
tively, determined so that viu=1, and

- VIPLWU, VTP Uy poly, 0
VTP U= s All K s ,\11 m—s — K _
! [V,Z;_sPnUs VI PLU,, 0 Ams

where A,_; = diag(pss1,..., pm). Setting v"vsz[v:v].T v:va]T,

where w; and W; are s and (m — 5) dimensional vectors, respectively,
in Eq. (23) and premultiplying these by V7 from the left, from the
first r vector Eq. (23) we obtain

(34)
and

pr=p=-=p_=0 (35)

Taking into account (34) and (35), the (r+ 1)th equation of (23)
becomes

(U 0 Vj’r " 1:311 1:?12 Wo =5 wo
0 Amf.\' - pOImﬂ' Wy R21 R22 0 "0
(36)
where

Ry =V/RU, Rin=V/RU,,
Ry =V' RU,_,

Ry =V!_RU,
37

while the next r equations, again taking into account (34) and (35),

have the forms
[0 0 i||:ﬁ}r+ki|+ Ri Rp |:"=Vk:|
0 Am—s - pOIm—s ":Vr-%—k R21 RZZ 0

(33) is stable for sufficiently small values of &. ] . _ (38)
s
(ii) Semi-simple eigenvalue p = Zﬂfﬂ'[ (k)j ], k=1,...,r—1
Suppose that the eigenvalue py of P;; with algebraic multiplicity =0
s> 2 is semi-simple, i.e., its geometric multiplicity is also s. Define  and
0 0 War Ry -pI R Wy 0, O W r Wr_j
[O ) }[:2]_’_ " B A 12 [: ]+ ?11 (?12 [ 0:|=Zﬂr+j|: 1] (39)
Am—s - p()Im—S Wor R21 R22 - ﬁrlm—s Wy Q21 Q22 0 j=1 0
with and
A _yT AN _yT A _yT
On = Ys U, Qu=V;QUy, 0Qn=V,_0U, w(e)=lo +epi+ole), i=s+1,....m (44)
02 =V, QU (40)
1t follows from (36) that I‘f the. matrix R has at 1east. one pair of eigenvalues of the form J +
iv, with v> 0, then the matrix A + P has at least one complex con-
S - ~ — jugate pair of eigenvalues of the form
(Riy = B,I)wo =0, 9, = —DRayivg (41) Jueaep g
where u(€) = Ao + poe + (8 = iV)e? + o(e?) (45)
D=y = polp-9)™! (42)

and, consequently, S, is an eigenvalue of the s by s matrix
Ry = VXT RU;. If this matrix has all real distinct eigenvalues p;, i =
1, ..., s, then when &£ — 0, the matrix A + &P (and, of course, K +
&P) has m real distinct eigenvalues of the forms

uie)=1o +epo + ep; +o(e?), i=1,.. 43)

S

Journal of Applied Mechanics

Thus, according to Lemmas 3 and 4, we get the following result.

Result 4. Suppose that the m by m matrix 1311 has a real eigenvalue
po of algebraic multiplicity s >2 and geometric multiplicity s, the
rest of the eigenvalues being real and distinct. Consider the
matrix RU = VSTRU s given in Eq. (37) in which the cqlumns of
the m by s matrix U; (V) are right (left) eigenvectors of P;; corre-
sponding to the multiple eigenvalue po. Then
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(a) the system described by Eq. (4) remains stable for suffi-

(Rip)
ciently small values of ¢ if the matrix H associated with

Ry = V RU;  is positive definite;
(b) the system described by Eq. (4) becomes unstable by flutter

Il)
for arbitrarily small nonzero values of ¢ if the matrix H

associated with Ry, = VT RUj is indefinite. "

CoROLLARY 2. [16]. IfPT —P and Py, =0, then the system (4)
remains stable for sufficiently small values of € when all eigenval-
ues of the symmetric matrix R = PlzDP12 are distinct.

Proof. Clearly, in this case po=0 is an m-fold semi-simple elgen-
value of P”, P21 = —Plz, and consequently R” =R= P|2DP12 ]

Example 4. Let

A =diag(1,1,1,1,2,3) and
1 0 0 0 3 2
01 0 0 0 2
p_0 0 1 0 1 2 (46)
0 0 0 2 0 1
0 -4 0 1 0 -3
2 2 1 -1 3 2

For this example n =6, Ag=1, m=4, 1311 =diag(1, 1, 1, 2), i.e.,
po=1,s5=3, and

ar _[3 01 0] 5 _JOo -4 0 1
Plz‘[zzzl’P21‘2 2 1 -1

Now, taking into account that D = diag(1, 1/2), we have

4 =20 2 4
N N 4 4 2 =2
R=-PuDPu=-7514 4 2 o
2 2 1 -1
from which follows
2 —-10 1
Ry=-12 2
2 =2 1

The Hankel matrix (1;-11]) associated with Ry; is indefinite because its
diagonal element h; = Tr(Rfl) = -31 is negative, and, in view of
Result 4-b, instability of system (4), (46) follows for arbitrarily
small nonzero values of ¢. [ ]

We next consider the case when the s by s matrix RH has a real
eigenvalue p, of algebraic multiplicity / (p;=---=p;=po) that is
either nonderogatory or semi-simple, with its other eigenvalues

Pi+1»---» Ps being real and distinct.

Putting S, = pg in Egs. (36), (38), and (39), and assuming that the
integer r </, we find the following equations with the unknowns
Brits Prazs-.. and wo, i ...

(Ri1 = pol)wo =0 47)
X k
Rt = pol)Wi =Y Brusyy  k=1,...,r=1  (48)
=1
and, taking into account the second equation of (41),
r
Ryt = pol )Wy + Livg =Y _ B, #r (49)
J=1
where the s x s matrix L is determined as
L= 011 —RiuDRy, (50)
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The matrices f?lz, kzl, Q“, and D are given in Egs. (37), (40), and
42).

(ii-1) Nonderogatory eigenvalue pg

Let wo and v be right and left eigenvectors corresponding to the
I-fold nonderogatory eigenvalue p, of the matrix R;;. Substituting
r=1[into (48) and (49), and working through in the same manner
as in subsection (i), for the case />2 when vOLwo # 0, we obtain
that the matrix A + P has at least one complex conjugate pair of
eigenvalues of the form

u(e) =2+ epo + szpo + 7D (S 1 jv) + o(e2T1/D),

SER, v>0 (D

On the other hand, in the case /=2 assuming that the right and left
Jordan chains (wy, u;) and (vg, v;) corresponding to p, satisfy the
normalization conditions that if
= \:/g Liwg < 0, then the matrix A + P has one complex conjugate
pair of eigenvalues of the form

T= _ =T =1
Viwo =Voup =1, we sce

ﬂ(f) Zi() + €po + 82/)0 il |C]|€2+(1/2) + 0(82+(1/2)) (52)
while if ¢; >0, then
p(e) = Ao + epo + €2y = 1D 4 o(eH1D)  (53)

This leads to the following result.

Result 5. Suppose that the s by s matrix Ry, has a real eigenvalue
po of algebraic multiplicity />2 and geometric multiplicity 1, the
rest of the eigenvalues being real and distinct.

(a) If [>2 and 1215 Lwy # 0, where the matrix L is given in
Eq. (50), and Wy (¥) is a right (left) eigenvector of R;; cor-
responding to py, then system (4) becomes unstable by flutter
for arbitrarily small nonzero values of ¢.

(b) If I=2 and wy, u; (v, v) be the right (left) Jordan chain cor-
responding to po normalized as vI#wy = Vg u; = 1, then
(b-1) if 9§ Livg < 0, the system becomes unstable by flutter for

arbitrarily small nonzero values of &, and
(b-2) if ig Lwg > 0, the system remains stable for sufficiently
small values of ¢.

(ii-2) Semi-simple eigenvalue py

Let po be a semi-simple real eigenvalue of multiplicity / > 2 of the
s by s matrix Ry; and let its other eigenvalues be real and simple.
Define s by s matrices
V=[V,

U=10, U, Vil

whose columns are the s right and left eigenvectors of Ry respec-
tively, such that VTU =/, and

i]_ V[TRHU] VTR |DS_[ _ |:p011 0 ]
1 —_ ~ N ~ ~ ~ —_ =
VST_IR“U] V R 11Us— 0 As—l

~T A

V'R,

where AS =diag(pyy, ..., py)- Setting w; = U[w

[) dimensional vectors, respectively, in

=T
w; 17, where
w; and w; are [ and (s —

Egs. (47), (48) and (49), and premultiplyng these by 7" from the
left, from (47) and (48) we see that

1=---

Il
=i
3
L

I
(e}

(54)

=i
i

0 =
and

Proit=Pra=-=pr_1=0 (55)
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while Eq. (49), taking into account (54) and (55), gives

(Li1 = od)o =0, W, = —DLyywy (56)

where

A ~T A ~T o = = _
Ly=V, LU, LIn=V_ LU, D=MAv—plid™" (57)
It follows from the first equation of (56) that f3,, is an eigenvalue of
the / by / matrix L= VZTLUI. If this matrix has all real distinct
eigenvalues o, i=1, ..., [, then when £— 0, the matrix A+eP

has m real distinct eigenvalues of the forms

ni(e) =40 +epo + 82/)0 + 83(7,- + 0(6‘3), i=1,...,1
/4[(8)=Ao+8p0+82pi+0(82), i=l+1,...,s
nie) =24 +epi+ole), i=s+1,....,m

If the matrix ﬁ] | has at least one pair of eigenvalues of the form 6 +
iv, with >0, then the matrix A + eP has at least one complex con-
jugate pair of eigenvalues of the form

u(€) = Ao + poe + poe” + (6 + iv)e® + o(e’)
Thus, according to Lemmas 3 and 4, we have the following result.

Result 6. Suppose that the s by s matrix R;; has a real semi-simple
eigenvalue po of multiplicity /> 2, the rest of the eigenvalues being
real and distinct. Consider the / by / matrix L1 = Vl LU, g1ven in
Eq. (57) in which the columns of the s by [/ matrix UZ(V,) are
right (left) eigenvectors of R, corresponding to the multiple eigen-
value pg. Then,

(a) the system described by Eq. (4) remains stable for suffi-

L)
ciently small values of ¢ if the matrix H  associated with
Ly, is positive definite;
(b) the system described by Eq. (4) becomes unstable by flutter

. . (L)
for arbitrarily small nonzero values of ¢ if the matrix H

associated with I:l 1 is indefinite. ]

CoOROLLARY 3. [16]. Suppose that PT'=—P and i’n =0. If the
symmetric m X m matrzx R= P12DP12 has an eigenvalue po of mul-
tiplicity I > 2 and T P12DP22DP12T1 # 0, where the columns of the
mxI matrix T; are orthonormal eigenvectors of R corresponding to
the multiple eigenvalue pg, then system (4) becomes unstable by
[flutter for arbitrarily small nonzero values of .

Proof Obv10usly, in this case f?n =R and
Ly=-T P12DP22DP12T, Then instability follows from Result
6-b because Lu is an / by / nonzero skew-symmetric matrix. [ ]

If the matrix £,; has a real eigenvalue of multiplicity g >2 and
the other eigenvalues are real and simple, the procedure can be con-
tinued in the same manner as above. Particularly, we state the fol-
lowing two results without proof.

Result 7. Consider the matrices i)lz, i’zl, and D given in Egs. (10)
and (20), and suppose that the m by m matrices P;; and
R = —P,DP,, have real semi-simple eigenvalues py and p, of mul-
tiplicity m >?2 and [ > 2, respectively, with the rest of the eigenval-
ues of R_pjy1,..., pm, being real and distinct. Let U=10 U,.l,
V=[V, ¥, bethe ~n%a}rices of right and left eigenvectors of R,
respectively, such that V' U =1, and

T~ 1 0
7RO = |:/)01 i :|
0 Am—l

Journal of Applied Mechanics

where lz\m_l =diag(py; .- - ., p,,)- Define the m x m matrices

0= PIZD(PZZ _poln—m)Di)ﬂ’

B = P2[D(Pyy — polu-m)*DPay + pyP12D* Py (58)

where P, is determined in Eq. (10), as well as the / by / matrices

On = V;TQEU, Q= 01Dy + By (59)
with
. T A ~T o = = _
0=V, 00U, 0n=V,_,00, D=0ui—poln)",
By =V, BU, (60)

(a) Suppose that the matrix 011 has a real eigenvalue g of alge-
braic multiplicity g >2 and geometric multiplicity 1, and its
other eigenvalues are real and distinct. Then
(a-1) If g>2 and n, Qfo # 0, where &, (170) is a right (left)
eigenvector of Q1| corresponding to go, then system
(4) becomes unstable by flutter for arbitrarily small
nonzero values of ¢.

(a-2) If g =2 and &, & (170, 1) be the right (left) Jordan chain
corresponding to go normalized as n7 & =l =1, then

(a-2-1) if 715 Q& > 0, the system becomes unstable by flutter
for arbitrarily small nonzero values of &, and

(a-2-2) if r]chfo <0, the system remains stable for suffi-
ciently small values of ¢.

(b) Suppose that the matrix Q;; has a real semi-simple eigen-
value go of multiplicity g >2, and its other eigenvalues are
real and distinct. Then,

(b-1) the system described by Eq. (4) remains stable for suf-

. ) e .
ficiently small values of ¢ if the matrlx H  associated

with the gxg matrix Qn—V QUg, where the

columns of the / by g matrix U ~ (V ) are right (left)
eigenvectors of Qj; correspondmg to the multiple eigen-
value ¢y, is positive definite;

(b-2) the system described by Eq. (4) becomes unstable by

Lo @)
flutter for arbitrarily small nonzero values of ¢ if H is
indefinite. u

Result 8. If m=n—1 and the matrix P” has the real semi-simple
eigenvalue py of multiplicity m, then system (4) remains stable
for sufficiently small values of e. n

Remark 5. In the case when P = —PT, the Results 7 and 8 reduce to
Result 2.11 and Corollary 2.16 of [16], respectively.

Let us go back to Example 1 and consider the unsolved case
when a=b=0. In this case matrix (22) becomes i’“ =3I3, and
according to Result 8, the system of this example remains stable
for sufficiently small ¢. Indeed, it is easy to confirm that in this
case the matrix

1 +3¢ 0 0 6e

A A 0 1+ 3¢ 0 3e

AveP=1 0 143 3e
3e —3e 3¢ 4 + 6¢

has eigenvalues

Hzg =549 £3V1 +2e+9¢2)/2

which all are real and positive for €< 16/9. On the other hand, the
double eigenvalue (1 + 3¢) is semi-simple, since it has the following

1o o]
1 0 ]T, and, consequently, the system is stable. ]

Py =Hy =14 3¢,

two linearly independent eigenvectors [1 and

[0 1
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Example 5. Let

1 0 2 a

N . A 0O 1 0 1

A =diag(1,1,2,3) and P= | —a 0 1 (61)
0 4 b O

where a and b are real numbers.
For this example P, = diag(1, 1) and

~ 2 a I 1 —a A 0 1
Plz—[o 1:|, Pm—[o 4 ], Pzz—[b 0:|, )
D = diag(1, 1/2)

Obviously, po=1 is a double semi-simple eigenvalue of the 2 by 2
matrix f’u and, consequently, R 1H=R= —f’lsz’z | = =21, which
has only one double semi-simple eigenvalue py=—2. Now, it is
clear that ill =L= Qll =Q0= PIZD(PZZ —polz)Dle SO, taking
into account (59), we obtain

L =
1 b -2 —ab

: _1[ab—4 8+2a—a2bi|
2

The discriminant of the characteristic equation of the above matrix
is 6=4(1 + 8b), and, according to Result 6 (see also Remark 2), we
conclude that: (1) if b>—1/8, then system (4), (61) remains stable
for sufficiently small &, and (2) if b<—1/8, then system (4), (61)
becomes unstable by flutter for arbitrarily small nonzero values of
&. When b=—1/8, the matrix L, becomes

Liy=0n =Q=L[_a_32 (a+8)2]

16 -1 a—16

and it has the double nonderogatory eigenvalue gy = —3/2 with cor-
responding right and left Jordan chains

o= “T*] a=|5] e w=[, 3] w=[l]

which satisfy the normalization conditions 7] &, =57 &, = 1. More-
over, the matrix Q defined in Eq. (59) for this case has the form

1
o _[188+3a

_ —192 — 1124 — 3a*
32

3 76 —3a

and ng Q&, =—16 < 0. Hence, according to Result 7-a-2-2, in the
case b=-1/8 system (4), (61) remains stable for sufficiently
small &. u

4 Application to an Engineering Problem

While the theory developed here is quite broad and can be
applied to numerous areas of application in civil, aerospace, and
mechanical engineering, in this section we present a simple four

X l—> X
.]711_> B )
[

2
ky
m

Fig. 1 A four degree-of-freedom system. The coefficient of fric-
tion between the belts and the snubbers is «.

111004-8 / Vol. 89, NOVEMBER 2022

degree-of-freedom linear system shown schematically in Fig. 1.
The directions of the coordinates describing the motion of the
two equal masses m are as shown. The stiffness of the linear
springs in the x-direction is k; and the stiffness of the linear
springs in the y-direction is k. The belts on the left, right, and
bottom, move on rollers and have a constant velocity, v. The coef-
ficient of dry friction between each of the belts and the snubbers that
rub against them is assumed to be &.

Denoting the four-vector w: =[x, X, ¥1, y,]7, the equation of
motion of the system can be written as

W+ Kw+ePw=0 (63)
where
2a —a 0 O 0 0 -b O
—a 2a 0 0 0O 0 0 -b
K= and P=
0 0 b 0 a 0 0 O
0 0 0 b 0O —a 0 O

(64)

and a = k;/m and b = k,/m. We shall assume that the ratio b/a = k,/k;
is neither 1 nor 3.

The four eigenvalues of K are 4, ,=b, 13=a, and 14=3a. We
thus see that b is a multiple eigenvalue of K, and the other eigenval-
ues are distinct and, by assumption, different from b. The unper-
turbed system (e=0) is stable because a, b>0.

In the presence of the perturbing matrix ¢P (see Eq. (63)), the
multiple eigenvalue b of K splits. We now proceed to find out the
manner in which this happens, and whether this splitting would
lead to an instability. One can intuit that the changes in the eigen-
values caused by the perturbing matrix could leave the perturbed
system still stable, or possibly make it unstable.

The orthogonal matrix containing the eigenvectors correspond-
ing to the eigenvalues of K is

11
00 — —
V2 V2

1 1
T=[0 0 — ——
V2 V2
10 0 0
01 0 0

thereby making

A=TTKT = diag(b, b, a, 3a) and
P:TTPTz[I:J“ 5’12} (6)
Py P

where
(66)

From Eq. (20), we obtain D =diag((a —b)~", (3a —b)™"). Setting w
=Tu, Eq. (63) can now be rewritten as

i+ (A+ePu=0 (67)

The eigenvalues of P, are semi-simple, and we can directly apply
Result 4 to this dynamical system. As required by this result, we
therefore first evaluate

Riy =R=—P,DPy,

ab [(Za—b) a ]

“b-ab-3a)| -a —Qa—b (68)
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Ri1) N
and then evaluate the matrix I-]Il associated with Ry;. Noting that
ho: =Tr(R),) =2, hi:=Tr(R;) =0, and hy: = Tr(R3,) = 2a>h*/
(b — a)(b — 3a), we obtain

R 2 0
(1;_‘1')2[1’!() hl ] = 2a2b2

(69)
o 0 (b —a)b - 3a)

Thus, using Result 4, the system described by Eq. (63) is stable for
small enough values of the coefficient of friction ¢ when (b —a)(b
—3a)>0. We note that (i) the left-hand side of this inequality can
be written as a quadratic in b/a whose zeros are at 1 and 3 and (ii)
bla=ky/k,. Hence, the condition for stability of the perturbed
system, for sufficiently small values of ¢, is ko/k; >3, or 0 <ky/k; <
1. The ratio ky/k; then serves as our bifurcation parameter.

Furthermore, Result 4 states that the system described by Eq. (63)
is guaranteed to be unstable by flutter for arbitrarily small nonzero
values of £ when (b — a)(b — 3a) <0, and this occurs when 1 < k,/k;
<3. Using the analytical results provided, we have thus obtained the
conditions on ky/k; that guarantee either stability or flutter instabil-
ity of the perturbed system described by Eq. (63).

The above result regarding instability states, for example, that
when b/a=ky/k, =2, the system is guaranteed to be unstable by
flutter for arbitrarily small values of the coefficient of friction ¢.
That is, the matrix (see Eq. (67))

2a 0 0 O 0 0 a —a

A+£‘P|b=z _ 2a¢ 0 0 +i 0 0 -a a
“ 0 a O V2| =2a -2a 0 0

0 0 0 3a —2a 2a 0 0

(70)

has a pair of complex eigenvalues.
In fact, from Eq. (68) we see that when b = 2aq, that is, ky/k; =2,

A 0 =2
R“=|:2a 0 “]

The eigenvalues of this matrix are +2ai. In the presence of the
perturbation matrix eP, the multiple eigenvalue b(=2a) of K
splits. Equation (45) provides an explicit estimate of the complex
pair of eigenvalues of the matrix into which this multiple eigenvalue
splits as

2 ok ks 2
u(e) =2a + O¢ + 2aie” + o(e )=2E12Zz€ + o(&%) (71)

Taking &= V2x1072, and k/m=1 for illustration, Eq. (71)
yields p; (e)x2+4x 107%. Indeed, the determination of the
eigenvalues of the matrix in (70) for these values of a and ¢
(using Maple) yields the complex pair 2 +3.99999968 x 107,
demonstrating the power of the analytical results obtained.

In a similar manner when b = (1/2)a, that is, k>/k; = 1/2, Result 4
shows that the system remains stable. In this case,

- al 3 2

Ry = 3 [ 0 -3 ]
and the eigenvalues of this matrix are ++/5a/5. Equation (43) then
gives an explicit estimate of the split in the multiple eigenvalue b =
al2=k/2m of A that is caused by the additional perturbation
€P|b:(l/2)a as

1k 5k

uEe)==-—= Rt ()(82)

72
2m~ S5 m (72)

Again taking e=+/2x1072, and k/m=1 for illustration,
Eq. (72) yields p,(€) =0.5000894427 and p(e) ~0.4999105572.
The corresponding answers obtained for the eigenvalues of the

matrix A+€i’|b=(1/2)a (using Maple) are 0.5000894523 and
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0.4999105669, showing the quality of the approximation given
by Eq. (72).

5 Conclusions

The stability of dynamical systems is at the crossroads of interest
to engineers, physicists, and mathematician. Engineers are inter-
ested in generating safe and stable designs for structures, machines,
and mechanisms; physicists are concerned with the stability of
natural phenomena such as ocean currents and atmospheric flows,
and mathematicians aim at providing detailed mathematical condi-
tions when stability or instability ensues in the models generated by
physicists and engineers. Because of its practical applications, the
study of stability of linear systems to infinitesimal perturbing
forces has been a topic of interest for at least the last 150 years.

These investigations have mainly concentrated on seeing the
effect of narrow classes of perturbing forces, such as positional cir-
culatory forces, positional conservative/nonconservative forces, or
combinations of these, on the stability of stable potential systems
with a small number of degrees of freedom (usually 2-4). These
narrow classes of perturbing forces are often used by scientists/engi-
neers, in part, out of convenience and/or serendipity so that tractable
analytical results can be obtained.

This paper deals with the stability of a general stable potential
multidegree of freedom linear system subjected to arbitrary infini-
tesimal positional perturbation forces. Such general perturbing
forces arise commonly in both naturally occurring as well as in
engineered systems deployed by aerospace, civil, and mechanical
engineers. As seen, the stability results pertinent to general arbitrary
perturbations obtained here are considerably more complex, but
they have the advantage of being applicable to real-life situations,
since Nature does not necessarily limit itself to perturbing forces
that belong to our man-made, narrow categorizations, which are
often made up to meet mathematical convenience. Throughout
the paper the manner in which the results obtained for general per-
turbing forces include the results for restricted (narrower) classes of
forces, like circulatory forces, is discussed. To the best of the
authors’ knowledge, the results obtained in this paper are new
and have not appeared in the literature to date.

For potential systems that have positive definite stiffness matrices
whose eigenvalues are all distinct it is shown that for sufficiently
‘small” general perturbation matrices (whose ‘size’ is precisely
quantified) the perturbed system remains stable (Result 1).

When dealing with positive definite MDOF potential systems
that have one eigenvalue of multiplicity greater than 1 (with the
other eigenvalues being simple) the Hankel matrix of Newton
sums associated with various matrices is shown to be very useful
in studying stability. Sufficient conditions for stability and flutter
instability are obtained that expose the interaction between the
eigenstructure of the potential matrix, the eigenspace that pertains
to the multiple eigenvalue, and to the general perturbation matrix.

It is shown that the subspace spanned by the orthonormal eigen-
vectors that correspond to the multiple eigenvalue is of primary
importance, and the matrix 13“ that represents the work done by
the perturbation force in this subspace of displacements plays a
pivotal role in the assessment of the stability of the system.
Result 2 shows that if the Hankel matrix associated with f’” is pos-
itive definite (indefinite), then the potential system remains stable
(becomes flutter unstable) under infinitesimal perturbing forces.
When Pj; has a real spectrum with repeated eigenvalues (and the
Hankel matrix is positive semi-definite) the detailed considerations
carried out show that the question of stability becomes very subtle,
and a rather complex stability picture emerges. Results 3-8 in Sec. 3
also consider situations when the multiple eigenvalue of P is
either semi-simple or nonderogatory. Several numerical examples
are provided throughout this section.

The power of the analytical results obtained in ascertaining stabi-
lity/instability of perturbed dynamical systems is illustrated by an
application to an engineering problem. Use of the analytical
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results delineate the manner in which multiple eigenvalues of the
potential system split in the presence of perturbative forces to
engender flutter instability or stability. This yields, in a straight
forward manner, the proper bifurcation parameter whose value
determines whether the system is stable or unstable. Intervals of
the bifurcation parameter over which stability/instability occur are
also easily obtained.

This paper deals with the stability of linear structural and
mechanical systems. However, it should be noted that while the
study of such linear systems is important in and of itself, it also
has considerable relevance when dealing with nonlinear systems.
This is because the stability of nonlinear systems is often estab-
lished by considering linearizations about their hyperbolic equilib-
rium points. Hence, the results obtained here have a significant
bearing on investigations of the stability of nonlinear structural
and mechanical systems as well.
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